Lie algebroids associated to Poisson actions 



in 

On 
ON 



oo 



Jiang-Hua Lu 

Department of Mathematics, University of Arizona, Tucson, AZ 85721 

February 8, 2008 



1 Introduction 



This work is motivated by a result of Drinfeld in [ Dr2 |. Recall [ Drl that a Poisson Lie 
group is a Lie group G together with a Poisson structure such that the group multiplication 
map 



> ■ G x G — ► G 

co ; 

is a Poisson map. Given a Poisson Lie group G and a Poisson manifold P, an action 

CO 

O ! a: G x P — > P 

in 



of G on P is called a Poisson action if the action map a is a Poisson map. When the 
action is transitive, we say that P is a Poisson homogeneous G-space. Poisson G-spaces 
q-i are the semi-classical analogs of quantum spaces with quantum group actions. Special cases 



of Poisson homogeneous G-spaces can be found in fDa-Sofl |Lul|l |Za] . 



Let P be a Poisson homogeneous G-space. In [Dr2], Drinfeld shows that corresponding 
to each p E P, there is a maximal isotropic Lie subalgebra [ p of the Lie algebra D, the 
double Lie algebra of the tangent Lie bialgebra (q, q*) of G. Moreover, for g G G, the two 
Lie algebras [ p and l sp are related by l gp = Ad g l p via the Adjoint action of G on 0. In 
particular, they are isomorphic as Lie algebras. The Lie algebra l p determines the Poisson 



structure on P, and it can be used to classify Poisson homogeneous G-spaces [ Dr2 1 . 



The purpose of this note is to find an invariant setting for these Lie algebra l p 's. 
We construct, for every Poisson manifold P with a Poisson G-action (not necessarily G- 
homogeneous) , a Lie algebroid structure on the direct sum vector bundle (P x q) © 
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over P. This Lie algebroid will be denoted by A = (P x q) m T*P to indicate the fact that 
it is built out of the two Lie algebroids Pxg and T*P and a pair of representations of them 
on each other. Moreover, the Lie algebroid A is naturally equipped with an action of G, 
making it into a Harish-Chandra Lie algebroid of G [ B-B| . It follows immediately that the 



kernel l p of the anchor map of A at each p € P has a natural Lie algebra structure, and 
l gp = g ■ l p , where g ■ l p comes from the action of G on A. 

When the anchor map of A has full rank everywhere (it is said to be transitive in such a 
case) , the subbundle of A defined by the kernel of the anchor map is a Lie algebra bundle in 



the sense that local trivilizations exist Mczl]. This is the case when P is G- homogeneous 
or when P is symplectic. In both cases, each Lie algebra L can be naturally embedded in 
the Lie algebra 5, the double of the tangent Lie bialgebra of G, as a maximal isotropic Lie 
subalgebra. 

When P is G-homogeneous, these maximal isotropic Lie subalgebras of D are precisely 
those described in [pr2| . 

When P is symplectic, we show that the Lie algebra l p 's define an isomorphic family of 
Lie bialgebras over q*. 

As further applications, we describe the symplectic leaves of a Poisson homogeneous G- 
space P in terms of the Lie algebra l p . We show that the G- invariant Poisson cohomology of 
P can be realized as relative Lie algebra cohomology of l p relative to the stabilizer subgroup 
of G at p. As an example, we calculate the iT-invariant Poisson cohomology of the Bruhat 



Poisson structure | Lu-We | on the generalized flag manifold K/T, where K is a compact 
semisimple Lie group and T C K is a maximal torus of K, and we show that there is 
exactly one cohomology class for each element in the Weyl group of K. We also describe 
the Lie groupoid corresponding to the Lie algebroid A = (P x g) xi T*P and show that it 
is an example of a double Lie groupoid in the sense of Mackenzie |Mcz2 ] . 
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2 Lie algebroids 



In this section, we collect some relevant facts about Lie algebroids. More systematic treat- 



ments of them can be found in Mczl] [1 I-M ] and [ X-M | 



A Lie algebroid over a smooth manifold P is a vector bundle A over P together 
with a Lie algebra structure on the space T(A) of smooth sections of A and a bundle map 
p : A —* TP (called the anchor map of the Lie algebroid) such that 

1) p defines a Lie algebra homomorphism from T(A) to the space x(P) °f vector fields 
with the commutator Lie algebra structure, and 

2) for / € C°°(P), k>i,k>2 ^ ^(^4) the following derivation law holds: 

M.M} = f{ui,u 2 } + (p(ui)f)u 2 . 

Immediate examples of Lie algebroids are 1) the tangent bundle TP as a Lie algebroid over 
P with the identity map as the anchor map, and 2) a Lie algebra q as a Lie algebroid over 
a one point space. 

Transformation Lie algebroids. Let a : G x P — ► P be an action of a Lie group G 
on a manifold P. For each rc G g, the Lie algebra of G, denote by <7 X the vector field on P 
defined by 

<7x(p) = -^\t=ocr(exptx,p), p£P. 

Then there is a natural Lie algebroid structure on the trivial vector bundle P x g with —a 
as the anchor map. Here we regard a : x i— > a x as a bundle map from P x g to TP. The 
Lie bracket on the space T(P xg) = C°°(P, g) of smooth sections of P x g is given by 

{x, y} = [x, y] s - a s ■ y + a v ■ x, (1) 

where the first term on the right hand side denotes the pointwise Lie bracket in g, and the 
second term denotes the derivative of the g-valued function y in the direction of the vector 
field a%. 

Cotangent bundle Lie algebroids. Let (P, n) be a Poisson manifold with Poisson bi- 
vector field tt. We use 7r# to denote the bundle map 

ir#(p): T*P — >T P P: a p \ — ► -Q p _l7r(p), 
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or 

(P P , 7t # (q p )) = 7T(p)(/3 p , Op), a p ,fi p <ET*P. 

(Note the sign convention here). Then, with — 7r# as the anchor map, the cotangent bundle 
T*P becomes a Lie algebroid over P, where the Lie bracket on the space Q l (P) of 1-forms 
on P is given by 

{a, /?} = dir(a,f3) - tt# a _1 d(3 + n* (3 _1 da (2) 
= -dn(a,P) - L n#a (3 + L^pa, (3) 

where L n # a P denotes the Lie derivative of the 1-form (3 in the direction of the vector field 
7r*a. 

Lie algebroid morphisms. The definition of Lie algebroid morphisms between Lie alge- 



broids over different bases is rather involved [H-M] [X-M], the reason being that a bundle 



map does not necessarily induce a map between sections. We will only need the definition 
for the following special case. Let A be a Lie algebroid over P with anchor map p. Let g 
be a Lie algebra, considered as a Lie algebroid over a one point space. A smooth map 

4>: A^ Q 

which is linear on each fiber is said to be a Lie algebroid morphism if for any sections uj\ 
and u 2 of A, 

where the first term on the right hand side denotes the pointwise Lie bracket in g, and the 
second term denotes the Lie derivative of the g-valued function (f)(u 2 ) in the direction of the 
vector field p(u>i). 

Example 2.1 In the case of a transformation Lie algebroid A = P x g, the projection map 
P x g — > g is a Lie algebroid morphism. 

Representations of Lie algebroids. Let A be a Lie algebroid over P with anchor map 
p. Let E be a vector bundle over P. A representation of A on E is a fc-linear map 

T{A)®T{E) — * T(E) : a®s \ — ► D a s, 
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where T(A) and T(E) denote respectively the spaces of smooth sections of A and E, such 
that for any a, b G T(A), s G T(E) and / G C°°(P), 

(1) D fa (s) = fD a s; 

(2) D a (fs) = fD a s + (p(a)f)s; 

(3) D a (D b s) - D b (D a s) = D {a>b} s. 

If ( , ) is a smooth section of S 2 {E*), the second symmetric power of the dual bundle of E, we 
say that the representation of A on E is ( , }-preserving if for any a G T(A), s\,s 2 G r(i£), 

p(a)(si, s 2 ) = {D a S!, s 2 ) + (si, D a s 2 ). 

Example 2.2 A representation of the tangent bundle TP over P is a vector bundle E over 
P together with a flat linear connection. 

Example 2.3 Any transformation Lie algebroid P x g has a natural representation on the 
tangent bundle TP of P via 

D S V = - [a 2 , V] - ay.*, (4) 

where V is a vector field on P, x is a section of P x g, considered as a g-valued function of 
P, and V ■ x denotes the Lie derivative of x in the direction of V. Correspondingly, there a 
representation of P x q on the cotangent bundle T*P satisfying 

-a s (a, V) = (D s a, V) + (a, D^V) (5) 

for any 1-form a on P. Or, equivalently, 

(D s a, V) = -a s (a, V) + (a, [a g , V] + a v . s ). (6) 

Notice that when x is a constant section of P x g corresponding to x G g, the 1-form D x a 
is given by the Lie derivative 

D x a = - L Ux a. 
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Example 2.4 Let A be a Lie algebroid over P with anchor map p. Suppose that <fi : A — ► g 
is a Lie algebroid morphism from A to a Lie algebra g. Then for any vector space U with 
a g-action, there is a representation of A on the trivial vector bundle P x U given by 

-D a « = p(a)-u + 4>{a){u), (7) 

where a is a section of A, u is a section of P x U, and (f)(a)(u) denotes the action of <p(a) € 
C°°(P, g) on -u <G C°°(P, U) taken pointwise over P. In particular, there is a representation 
of ^4 on the trivial vector bundle Pxg* given by 

Dat = p(a) ■ £ + adj (a) £, 

where f € C°°(P, q*) is a section of P x g*, and the co-adjoint representation of g on g* is 
defined by 

(ad* x £, y) = -(£, x,yGg, ^ G g*. 

Lie algebroid cohomology Let A be a Lie algebroid over P with anchor map p. Let P 
be a representation of A. Define 

d: r(A fe " 1 A*(g)P) — >T(A k A*®E), k = 1,2,3, ... 

by 

d/(ai, ...,a fe ) = ^(-l) l+1 P ai /(ai,...,ai, ...,a k ) + %•}, ...,di, a^, a fe ). 

i i<j 

(8) 

Then d is well-defined and that d 2 = 0. The cohomology of (C*(A, E),d) is called the Lie 
algebroid cohomology of A with coefficients in E, and it is denoted by H'(A, E). Elements 
of H°(A, E) are called ^4-parallel sections of E. When E is the trivial 1-dimensional vector 
bundle with the representation of A given by 

D a f = p(a)f, f€C°°(P), 

the cohomology of A with coefficients in E is called the cohomology of A with trivial 
coefficients. 

In the case when A = TP is the tangent bundle of P, the Lie algebroid cohomology of 
A with trivial coefficients is nothing but the de Rham cohomology of P. 
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In the case when A = T*P is the cotangent bundle Lie algebroid of a Poisson manifold 
(P, 7r) , the Lie algebroid cohomology of A with trivial coefficients is called the Poisson 
cohomology of (P,tt). The cochain complex is the space T(A'TP) of multi- vector fields on 
P, and the coboundary operator d can be expressed as d = [tt, •], where [ , ] stands for the 



Schouten bracket |Ku] on the multi- vector fields on P |Lj 

In the case when A = Pxq is a transformation Lie algebroid, the Lie algebra cohomology 
of A with trivial coefficients is simply the Lie algebra cohomology of 9 with coefficients in 
C°°(P). 

Transitive Lie algebroids. A Lie algebroid A over a manifold P with anchor map p : A — > 
TP is said to be transitive if p has full rank at every point of P. In this case, the subbundle 
L of A defined by the kernel of p is a Lie algebra bundle in the sense that each fiber has 
a Lie algebra structure and local trivilizations exist [ Mczl| . Any section 7 : TP — > A of p 
defines a linear connection V of L by 

V£(J) = {TOO, l}, Vex(P), l€T(L), 

and it satisfies 

Vl[h, h] = [Vlh, h) + [ii, V^ 2 ], VZi, heT{L). (9) 
3 Poisson Lie groups and Poisson actions 

In this section, we collect some facts about Poisson Lie groups that will be used in this 



paper. Details can be found in [Drl] [3TS| [KS] and [Lul]. 



Assume that (G,tt g ) is a Poisson Lie group with Poisson bi- vector field tt g . For each 
g G G, the element r g -nr G (g) is in A 2 g, where r g -i denotes the right translation on A 2 TG 
by g^ 1 . The derivative of the map 

G — > A 2 g : 51 — >r g -m G (g) 

at the identity element e of G is denoted by 5, so we have 

5: g — > A 2 fl : S(x) = ^| i= or e xp(-tx)7>"G(expta). (10) 

The dual map of 5 defines a Lie bracket on 3*, i.e., 

([£, 77], x) = (8{x), £A V ), x€ S , £,^€0*. (11) 
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The pair (g,5) (or the pair (0,0*)) is called the tangent Lie bialgebra of the Poisson Lie 
group G [ prl ]. For i£j and £ G 9*, denote by aci*,£ G 0* and ad|x G 9 respectively the 
elements given by 

(a<£, y) = - (£, [x,y]) Vy G 9 
(a<i*-x, 77} = - (x, [£,r?]) Vt? G g*. 

The double Lie algebra 5 is the vector space 0* with the Lie bracket 

[^i+£i, ^ + £2] = [xi, x 2 ] + ad^za - ad| 2 xi + [£ 1; £ 2 ] + - ad£ 8 £i. (12) 

It is the unique Lie bracket on the vector space © 0* characterized by the properties that 
1) when restricted to and 0*, it coincides with the given Lie brackets on and 0*, and 2) 
the scalar product ( , }g on © 0* defined by 

(xi + £i, £ 2 , +£2)5 = + x 2 ), xx, x 2 G 0, £1, £ 2 G 0* (13) 

is ad-invariant with respect to this Lie bracket. We use = 1x3 0* to denote this Lie 
algebra, indicating the fact that the Lie bracket is built out of the Lie brackets on and on 
0* and their co-adjoint actions on each other. 

Let G* be the simply-connected Lie group with Lie algebra 0*. Then it is also a Poisson 
Lie group with tangent Lie bialgebra (g*,&). It is called the dual Poisson Lie group of G. 

Assume that D is a connected Lie group with Lie algebra d. Assume also that both G 
and G* can be embedded in D as subgroups corresponding to the Lie algebra inclusions 
C and 0* C £>. Assume furthermore that every element of D can be uniquely written as 
a product gu for some g G G and u G G*. Then we can identify G with the quotient space 
D/G* . Consequently, there is a left action of D on G by left translations. We will denote 
it by 

D x G — > G : (d, g) ^ d g. (14) 

Infinitesimally, this defines a Lie algebra anti-homomorphism from to the Lie algebra x{G) 
of vector fields on G: 

f — ►x(G f ): x + £i — ► p x +i{g) = r g x - r g J {r g -m G (g)fj , g G G. (15) 



This action of on G will be used in Example p. 4 The vector fields —p$, £ G 0*, are called 
the right dressing vector fields on G | JLul |. When the global decomposition D = GG* does 
not hold, we will assume that these vector fields integrate to a left action of D on G. 
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Similarly, by identifying G with the quotient space G*\D, we get a right action of D on 
G which we denote by 

G x D — G : ( 5 , d) (16) 
The corresponding infinitesimal right action of D on G is given by 

d^ X (G): x + £^\ x+i (g) = l g x + r g {Ad* g ^ J (r ff -i7r G (<?))). (17) 



This action will be used in Theorem 7.2 . The vector fields — A^, for £ € g*, are called the 
left dressing vector fields on G [Lul|. 

On the other hand, the group G acts on O by Lie algebra automorphisms via 

Ad g (x + = Ad g x + (Ad* g ^)-l(r g ~nT G (g)) + Ad* g ^. (18) 

The corresponding action of g on is simply the adjoint action of t> on itself restricted to 



g. This action will be used in Proposition 4.4. Similarly, the group G* acts on D by Lie 
algebra automorphisms via 



Ad u (x + = Ad* u . lX + Ad u i + (Ad* u - lX ) _\(r u -nr G *{u)). 



(19) 



This action will be used in Examples 4.7 and 4.8 



We now turn to Poisson actions by G. For any action a:GxP^PofGona manifold 
P, we can define 

: T*P — > * : {<t>{a p ), x) = (a p , a x {p)), x € g, a p € T p *P, p e P. (20) 
Each 1-form a on P then defines a g*-valued function 4>(a) on P: 

4>{a){p) = 4>{a p ). 

Assume now that (P, ir) is a Poisson manifold and G is a Poisson Lie group. Recall that 
an action a : G x P — ► P is said to be Poisson if for any g G G,p € P 

tt(pp) = 3*tt(p) + P*n G {g), 
where p* is the differential of the map from G to P given by 5 1— ► gp. When G is connected, 



this is equivalent to the following infinitesimal criterion [Lu-Wc]: 



(21) 



for all x € g, where 5(x) G g Ag is given by (|To|), and cr^^) = X)i a xi ^ a y t if ^(^) = J2i x i^Ui- 
This is then equivalent to 

<t>({a, 13}) = [0(a), 0(/3)] * - vr#(a) • + </>(<*) (22) 

for any 1-forms a and /3 on P. In other words, we have the following Proposition: 



Proposition 3.1 Assume that G is connected. The action a is a Poisson action if 

and only if the map 

4>: T*P — > 8 * 



defined by (\2(\ ) is a Lie algebroid morphism, where T*P has the cotangent bundle Lie alge- 
broid structure defined by the Poisson structure it on P, and g* has the Lie algebra structure 
given by ([O), considered as a Lie algebroid over a one point space. 



4 The Lie algebroid i = (Px 8 )w T*P 



In this section, we describe, for every Poisson manifold P with a Poisson action <j : GxP-> 
P of a Poisson Lie group G, a Lie algebroid structure over P on the direct sum vector bundle 

(p x fl ) er*p. 

First, the action of G on P defines a representation of the transformation Lie algebroid 



P x g on T*P given by (o) as in Example 2.3 



Secondly, using the Lie groupoid homomorphism 

(j) : T*P ► g* 

in Proposition 3.1, we get (see Example 2.4) a representation of the cotangent bundle Lie 



algebroid T*P on the trivial vector bundle P x g induced from the co-adjoint representation 
of g* on g. It is given by 

D a x = -ir#(a)-x + ad^t^x (23) 
where (adj (a) x)(p) = adj (a)(p) £(p) for p G P. 

Theorem 4.1 Let a : G x P — > P be a Poisson action of the Poisson Lie group G on the 
Poisson manifold P. Let 

A d = f (Pxg)0T*P (24) 
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be the direct sum vector bundle over P. Then there is a Lie algebroid structure on A such 
that both the transformation Lie algebroid (Pxg, —a) and the cotangent bundle Lie algebroid 
(T*P, — 7r#) are Lie subalgebroids of A. The anchor map of A is — <r — 7r#. The Lie bracket 
between a section x of P x g and a section a of T*P is given by 

{x, a} = - D a x + D s a, (25) 

where D a x is given by (25) and D s a by 



Definition 4.2 We use A = (P x g) cxi T*P to denote this Lie algebroid, indicating the 
fact that the Lie bracket on the sections of A uses both the representation of P x g on T*P 
and the representation of T*P on P x g. 



Examples will be given in Section ||. The proof of Theorem 41 will be given in Section 
||. We now discuss some properties of the Lie algebroid A. 

By considering each element of g as a constant section of A, we get a Lie algebra 
homomorphism 

i : g — ► T(A) : i(x) p = x, \/p € P. (26) 
It induces an action of g on T{A) by 

23 x: (y, (3) i — ► {i(x), (y, 0)} = ([x,y] g - a x ■ y - ad*^x, - L ax plj , (27) 
where y E C°°(P, g) and is a 1-form on P. 
Proposition 4.3 The following defines a left action of G on A: 

g- (x, a p ) = {Ad g x + Ad*-x<t>{a p ) -J(r g -nr G (g)), (g' 1 )*^), g eG, P eP, (28) 

where x E g, a p G T* P. It has the following properties: 

(1) The action of g on T(A) induced by this G-action on A coincides with the action 
given by 

(2) The action of G commutes with the anchor map —a — ir^ of A, and G acts on T(A) 
as automorphisms with respect to the Lie bracket { , }• 

(3) For any x E g and g E G, i(Ad g x) = g ■ i(x). 

In other words, A is a Harish- Chandra G-Lie algebroid j\B-L]l . 

(4) The action of G preserves the scalar product on A given by 

(x + a p , y + P p ) p = (P p , a x {p)) + (a p , a y {p)) = <j>{/3 p ){x) + <j>{a p ){y). (29) 
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Proof. The proof is straightforward. We just point out that to prove that (^g) defines an 
action, one only needs the fact that the Poisson structure tt g on G makes G into a Poisson 
Lie group, i.e., 

^o{gh) = lgTT G (h) + r h 7r G (g), Va, /i G G. 

In the proof of (1), one needs the fact that 7r^ vanishes at the identity point of G. (2) is a 
reformulation of the fact that a is a Poisson action. (3) is obvious. (4) is straightforward. 

Q.E.D. 

Proposition 4.4 1) the map 

$ : A = (P x g)[*cT*P — >d: (a, Op) i — ► x + <t>(a p ) (30) 

is a Lie algebroid morphism from A to the Lie algebra d = g X g* , considered as a Lie 
algebroid over a one point space. With respect to the following action of G on 5 (see JT^ J 
in Section [|: 

Ad g (x + Q = Ad g x + Ad* g ^ _l{r g -nr G (g)) + AtT g -i$, 

where g G G, x G g and £ G g*, i/ie map <3? is in /act a morphism of Harish- Chandra G-Lie 
algebroids; 

2) The map <3? induces the following representation of A on the trivial vector bundle 
P x via the adjoint representation ofd on itself: 

Di +a (y + = (-o- s -ir#a)-(y + £) + [x + <f>(a), + (31) 

where y + £ is a section of P xd u>i£a y G C°°(P, g) and £ G C°°(P, g*). Tais representation 
of A on P x D preserves the symmetric product ( , )^ on P xd given by ( fi^ ) on eac/i /i&er. 

Proof. 1) is easily reduced to the fact that for any x G C°°(P, g) and any 1-form a on P, 

(j)(D s a) = — as • 4>(a) + adj.^(a). (32) 

This identity can be proved directly from the definition of D s a. If we equip the trivial 
vector bundle P x g* the representation of the transformation Lie algebroid P x g given by 

Dx€ = - o- s • £ + ad% £. 
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Then (^) is saying that the bundle map 

is a (P x g)-morphism. Proof of 2) is straightforward. 

Q.E.D. 

In general, if A is any Lie algebroid over P with anchor map p, the kernel p in each fiber 
A p has an induced Lie algebra structure, namely, for any a p ,b p G ker(p|^ ), extend them 
arbitrarily to sections a and b of A and define 

[dp, bp] = {a, b}(p). 

This is independent of the extensions. 

For a transformation Lie algebroid Pxg, the kernels of the anchor map —a are the 
stabilizer Lie subalgebras 

Q p = {x G g : cr^p) = 0}, (33) 

For the cotangent bundle Lie algebroid T*P of a Poisson manifold (P, vr), we get the Lie 
algebra 

tp = {a p eT;P: n#(ap) = 0} (34) 
at each point p G P. They are called the transversal Lie algebras to the symplectic leaves 



of the Poisson structure on P [We 



For the Lie algebroid A = (P x q) tx T*P constructed in Theorem 4.1, the kernel of the 
anchor map —a — in the fiber A p over p G P is the space 

[p = {(x,a p ) : x G g, a p G T p *P : ^(p) + vt # (q p ) = 0}. (35) 

It is an isotropic subspace of A p with respect to ( , ) p given by (p9|). 

Proposition 4.5 fij Por eac/i p G P, i/ie map 

$ : [p — > o = xi q* : (x,Op)\ — >x + (j>(a p ) (36) 

is a Lie algebra homomorphism from l p to the double Lie algebra d of (g,g*). 

(2) For any g G G and p G P, we have g ■ l p = t gp , where g ■ l p denotes the image of l p 
in Ag P under the action of g on A given by $2t{). 
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The proof of this Proposition is again straightforward. 



Proposition 4.6 When P is symplectic or when P is G -homogeneous, the Lie algebroid 
A = (P x g) co T*P is transitive. Consequently, the subbundle L of A defined by the kernel 
of the anchor map —a — is a Lie algebra bundle of rank = dimg. 

In general, the dimensions of the Lie algebra l p s may vary. Consider again the stabilizer 
Lie subalgebra g p and the transversal Lie algebra tp at each point p € P. Clearly, 



as Lie subalgebras, and 



Set 



Then 



9p C [p, tp d \p 
flpDtp = 0. 

Op = K(p): xegjcTpP, (37) 
S p = {7T#(a p ) : a p e TIP} C T p P (38) 



dim l p = dimg + dimP — dim(O p + S p ) 

= (dim g — dim O p ) + (dim P — dim S p ) + dim(O p n S p ) 
= dimg„ + dimt p + dim(O p H S p ). 

Example 4.7 When P is symplectic, i.e., when 7r* : T*P — » T p P is one-to-one for each 
p 6 P, the map ^» : l p — s- is injective, so 3>(tp) is a maximal isotopic Lie subalgebra of 0. 
Let ijj be the symplectic 2-form on P related to ir by 

w(7r*a, 7r#/3) = it (a, (5). 

Then 

<&([ p ) = {x - x_l®(ujp) : x <E g} C 0, 
where $(uj p ) = ($ A $)(w p ) C g* A g*. Notice that <£(l p ) is transversal to g* in 0. Thus 



(t>, g*, $([ p )) form a Manin triple [Drl|, and (g*,$(L)) becomes a Lie bialgebra. 
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Let (G*,tt g *) be the simply-connected Poisson Lie group dual to G. The tangent Lie 
bialgebra of G* is (fl*,fl). Define 

vr G *, p = vr G , + ($(w p )) r - (*(Wp)) Z , 

where (&(ujp)) r (resp. (&(ui p )) 1 ) is the right invariant bi-vector field on G* with value 
G g* A 9* at the identity element e £ G*. Then (G*, 7r G * iP ) is also a Poisson Lie group, 
and its tangent Lie bialgebra is (q*,Q(I p )) |Lul | | Da-Sc[ |. 

The bi-vector field 7r G * + ($(a;p)) r is also Poisson. It is an example of an affine Poisson 
structure on G* | Lul | [ Da-Scf |. When P is connected and simply-connected, it is shown in 
[|Lul|1 that for any p G P there exists a unique map J p : P —> G* such that 

(1) J p (p) = e; 

(2) ir^(J*x l ) = a x for every i£g, where x l is the left invariant 1-form on G* such that 
x l (e) = x; 

(3) J p : (P,7r) — > (G*,7r G . + (<I>(u;p)) r ) is a Poisson map. 

The map J p is called a moment map for the Poisson action a of G on P [Lu2|. 
If pi is any other point in P, the maps J p and J Pl are related by 

J P {q) = Jpipi) J pi (q), q^P, 

and 

$(w p ) = -r u -i7T G *(u) + 
The Manin triples (5, g*, and (o, g*, ®(l Pl )) are related by 

(o, s*, $(g) = iWj, w (j, 0*, Hi P1 )) 

where J p {jpi) G G* acts on by (|l9|) . 



Example 4.8 The left dressing vector fields on G* are defined by 

a x (u) = ir* f (x l ) (39) 

where x G 0. The map 

— ► X(G*) : x i — > a x 

defines a Lie algebra anti-homomorphism from to the Lie algebra x{G*) of vector fields 
on G* . Assume that these vector fields integrate to an action of G on G* . It is called the 
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left dressing action of G on G* STS |, It is a Poisson action. It in fact has the identity 



map G* —* G* as a moment map [Lu2|. The orbits of the dressing action are exactly the 



symplectic leaves of G*. Let P be such an orbit. Then the action G x P — > P of G on P is 
a Poisson action. 

For u £ P C G* , the Lie algebra [ u can be identified with the Lie subalgebra Ad u -ig of 
0, where, again, Ad u -i : — > X) denotes the action of G G* on t) given by (|l9|). 

Example 4.9 When P is a homogeneous G-space, we have dim[ p = dimg for each p G P, 
and the map $ : l p — ► 9 is injective. Therefore, each 3>([ p ) is a maximal isotropic Lie 
subalgebra of 0. They are used in [ Dr2| to classify Poisson homogeneous G-spaces. We will 



treat them in more details in Section |7[ 

Example 4.10 When the Poisson bi- vector field ir on P vanishes at a certain point p G P, 
we have 

lp = {(x, op) : x <E , a p G T p *P, ^(p) = 0} ^ 0p T;P. 

To describe the Lie algebra structure on [ p , we first note that the action of G p on P, where 
G p is the stabilizer subgroup of G at p, linearizes to an action of G p on T p P and thus on 
T*P. Denote the corresponding action of g p on T*P by 

5p x T p *P — ► T;P : (x, a p ) i — >x- a p . (40) 

On the other hand, since the action is Poisson, we know from (21) that 

<76(x)(p) = 0, Vx G fl p . 



Thus 



In other words, 



a p ), 4>{Pp)\*) = °> Vx G fl p , a p , P p £T*P. 



The Lie algebra structure on [ p is now given by 

[(x,atp), (y,P P )\ = ([x,y]+adl {ap) y-ad^ Wp) x, [a p , f3 p ] + x ■ (3 P - y ■ a p ). (41) 
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Note that the Lie algebra l p = g p + T*P is an example of a double Lie algebra | Lu-We| 
!S) (called a matched pair of Lie algebras in Mj|) in the sense that it contains p and T*P 
as Lie subalgebras and it is isomorphic to p © T*P as vector spaces. We can think of l p as 
being built out of the Lie algebras p and T*P together with the action of g p on T* P given 
by ( |40D and the action of T*P on g p by 



T*P x 



ad *4>(a P ) X - 



Example 4.11 Combining the situations in Example 4.S and Example 4.10| , we consider 



the case when P is a Poisson homogeneous G space and the Poisson bivector field tt on 
P vanishes at some point p € P. In this case, we can identify P with the quotient space 
G/G p , where G p is the stabilizer subgroup of G at p. The Poisson structure ir is the unique 
one on G/G p such that the projection from G to G/G p is a Poisson map. From Example 



4.1C we see that 

^ = {££0* : =0 VxegJ C * 



is a Lie subalgebra of 0* . The Lie subalgebra Q p of is said to be coisotropic relative to the 
Lie bialgebra (0,0*) flLu-We |. The Lie algebra l p is now isomorphic to the Lie subalgebra 



Bp + Sp °f 5 = ^ 0*- 

The fact that the Lie algebra l p = q p + 0^ is a double Lie algebra will be used in Section 
to calculate the relative Lie algebra cohomology of [ p relative to the Lie subalgebra p , 
which will be shown to be isomorphic to the G-invariant Poisson cohomology of the Poisson 



homogeneous space G/G p . See Theorem [f.S . 



A special case of this situation is when p is a Lie ideal of 0*. In such a case, G p is a 
Poisson Lie subgroup of G. The Lie bracket on $ p + p is a little simpler: 

[x + S, y + v) = [x, y] + [<£, v] + ad* x V ~ ad* y ^ (42) 

for x, y € g p and £, rj € Q p . In particular, p is a Lie ideal of [ p = $ p + g p . 
This example will be carried out further in Example [fl] in Section |7| 

5 Examples 

In this section, we give examples of the Lie algebroid A = (P x 0) 1x1 T*P constructed in 
Section |I[ 
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Example 5.1 Any Lie group G can be regarded as a Poisson Lie group with the zero 
Poisson structure. In this case, an action of G on a Poisson manifold is Poisson if and only 
if each g G G acts on P as a Poisson diffeomorphism. In particular, each x£g acts on the 
space of 1-forms on P as a derivation. The corresponding Lie algebroid structure on the 
vector bundle (P x g) T*P described in Theorem 4.1 becomes a semi-direct product Lie 



algebroid structure [H-M|. 



Example 5.2 Let G be a Poisson Lie group. Consider the left action of G on itself by left 
translations. This is a Poisson action by definition. By trivializing the cotangent bundle 
T*G to G x g* via, 

T*G — > G x g* : t g ■— > = r*£ 9 , 9 eG,( 9 £ T ff *G 5 

we can trivialize the vector bundle (P x g) © T*G to G x (g © g*) = G x ti by the map 

$ . (Xj £ g) _> x + ^ = x + r v 9) 5 g g, e 9 e t;g. 



In this case, the Lie algebroid structure on the bundle A described in Theorem |4.1| is the 
transformation Lie algebroid structure on G x d given by the left infinitesimal action of 
on G given by (|i~5|). 

The maximal isotropic Lie subalgebra l g of in this case is simply the Lie subalgebra 
Ad g g*, the image of g* under the action of g on d given by (|i~8|). 



Example 5.3 Assume that the action a : G x P — > P is transitive, so P is a Poisson 
homogeneous G-space. In this case, the map 

rP^Pxj*: a p — » (p, 0(op)) 

embeds T*P into P x g* as a subbundle whose fiber over the point p G P is 

g^ = {£Gg*: 0, Vx G g p }. 

Thus via the map 

j4 = (P x g) [XI T*P — > t) = g M g* : (x,a p )i — > x + ^(a p ) 
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we can also embed A into P x (g © g*) as a subbundle whose fiber over p € P is g © g^ . 
Under such an embedding, a section of A has the form a = x + £ where x G C°°(P, g) and 
£ € C°°(P, g*) is such that G for all p £ P. Denote by vr # (£) the vector field vr # (a) 
if ^>(a) = £. The anchor of A is then the vector field — a$ — 7r*(C)- Since $ is a Lie algebroid 
morphism from A to the Lie algebra 5 = g D< g* by Proposition |4.4| , the Lie bracket on the 
sections of ^4 now looks like that for a transformation Lie algebroid: 

{x + e, y + = [S + f, J/ + ??]d - (o-x + 7r#(f))-(y + 7?) + ((J 5 + ^#(f/))-(x + 0. (43) 



Example 5.4 Consider now the example of the left dressing action of G on its dual Poisson 
Lie group (G*,tt g *) (see Example |4.S| ). 

Identify T*G* with the trivial vector bundle G* x g by left translations on £?*. Then the 
cotangent bundle Lie algebroid T*G* becomes the same as the transformation Lie algebroid 
G* x g defined by the left dressing action of g on G*. Thus the Lie algebroid A, whose 
underlying vector bundle is now identified with the trivial vector bundle G* x (g © g), is 
built out of two copies of the transformation Lie algebroid G* x g and a pair of representations 
D and D' of it on itself. These two representations are respectively given by 

D s y = ~(Jx ■ V + [x, y]g + ad*^x (44) 
D'yX = —<jy ■ x + adl^x, (45) 

where 

t: C°°(G*,q)^C°°(G*q*): r(j/)(u) = j/(«)_l(J u - 1 7r G .(«)) 1 u G G*. (46) 
The resulting Lie algeroid structure on G* x (g © g) has the property that the bundle map 

G* x (g © g) > G* X g : (a? u , y M ) i > x u + y u 

is a Lie algebroid homomorphism. 

6 Proof of Theorem 



We give the proof of Theorem 4.1 in this section. Following the definition of a Lie algebroid, 
we need to prove 
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1) for any / € C°°(P), x G C°°(P, g) and any 1-form a on P, 

{fx, a} = f{x, a} + (vr # (a)/)x 
{x, fa} = f{x, a} - {a s f)a; 



2) the bracket on the sections of A described in Theorem [4.1| satisfies the Jacobi identity; 

3) the map —a — tt# is a Lie algebra homomorphism from the Lie algebra of sections of 
A to the Lie algebra of vector fields on P. 

1) follows from the fact that D a x and D s a define representations of Lie algebroids. This 



fact can also be used to reduce 2) to Lemma 3.1 and 3) to Lemma |6.2| as follows. 



Lemma 6.1 For any x,y G C°°(P, g) and any 1-forms a and (3 on P, we have 

D a {x, y} = {D a x, y} + {x, D a y} + D D - a x - D D - a y (47) 
D s {a, (3} = {D s a, (3} + {a, D^} + D DpS a - D DaS (3. (48) 

Lemma 6.2 For any x € C°°(P, g) and any 1-form a on P, we have 

o- Da x ~ K#{D- X a) = [as, n*(a)]. (49) 



We prove Lemma 6.2 first, since it is easier to prove and it will be used in the proof of 
Lemma |6.1| . 



Proof of Lemma |6.2j Fix the 1-form a on P. For any x G C°°(P, g), set 

V a (x) = o Da x - 7r # (D 5 a) - [cr 2 ., ix*{a)\. 
It follows from the axioms for Lie algebroid representations that 

Va(fx) = fV a (x) 

for any / € C°°(P). Thus it suffices to show that V a (x) = for any constant function 
x € C°°(P, g) corresponding to x S g. In other words, we need to show that 

°ad; (a)X + TT#(L ax a) - \o~xi 7T#(a)} = (50) 

for any x € g. By pairing the left hand side with an arbitrary 1-form j3 on P, we see that 
this is equivalent to 

(L Ux 7r)(a, 0) = (x, [0(a), </>(?)}**), 
which is just the infinitesimal condition for the action a to be Poisson. 
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Q.E.D. 

Proof of Lemma 6.1. For x, y, a and (3 as given, set 



V a (x,y) = D a {x, y} - {D a x, y} - {x, D a y} - D D - a x + D D - a y 
W a ,p(x) = D s {a, (3} - {D s a, /3} - {a, D s j3} - D D ^a + D DaS (3. 

Using Identity ( |50| ) and the axioms for Lie algebroid representations, we see that 

V a (fx, y) = V a (x, fy) = fV a (x, y) 

for any / G C°°{P). Thus it suffices to show that V a (x,y) = for any constant functions 
C°°(P, q) corresponding to x, y G 9. But this can be deduced from the following fact 
about the Lie bialgebra (0,0*): 

ad*^[x,y) = [ad^x, y] + [x, ad^y] + ad* ad ,^x - ad* d *^y (51) 



for any x, y G and £ G 0*. The proof of (|5l| ) can be obtained from the explicit formula 
( |i~2| ) for the Lie bracket on the double of (0,0*). It can also be found in Am|. 



For W a 8, it again follows from the axioms for Lie algebroid representations that 

W a ^(fx) = fW a ,p(x) 

for any / G C°°(P). Thus it suffices to show that Wa^x) = for constant functions 
x G C°°(P, 0) corresponding to x G 0. In other words, we need to show that 

L ax {a, f3} - {L ax a, (3} - {a, L ax (3} + D Sfj a - D ia (3 = 0, 

where 

x/3 = ad^pjX, x a = ad^jX. 

Using Formula (J3J) for the Lie bracket on 1-forms on P and Identity (|50|), we can reduce 
W a ,p(x) = to 

(L^vrXa, (3) = (x, [<f>(a), 



which is nothing but the infinitesimal criterion ( f2l|) for a being Poisson. 

Q.E.D. 
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7 Poisson homogeneous spaces 

In this section, we assume that G is a connected Poisson Lie group and that P is a homo- 
geneous G-space with a Poisson structure tt such that the action of G on P is Poisson. We 
will treat two aspects of such a Poisson manifold: its symplectic leaves and its G-invariant 
Poisson cohomology. We first look at its symplectic leaves. 
For each p G P, embed l p into via 

<3? : l p — ► : (x, a p ) i — > x + 0(a). 

Then we get a Lie algebra homomorphism from l p to x(G): 

[ p — >X(G): O^Op) 1 — ► A-s+^q^O) = r 9 (Ad g x + (Ad*-i^(a p ) -J(r g -nr G (g))) . 



Recall (see ( JXTj) in Section y) that the vector fields A x+ g, for x G g, ^ 6 g*, define a right 
action of d on G. Set 

cjp- G^P: g^gp. (52) 
Lemma 7.1 For any p £ P, g G G, i/ie image of the subspace 

{K+<t>( ap )(g) ■ (x,ap) g tp} c r g G 

ofTgG under the differential of the map o~ p is exactly the subspace im(7r*|T* p) ofT gp P. 



Proof. We know from Proposition 4.3 and Proposition 4.5 that 



o- p {\ x+ <j,(a p )(g)) = -K*((g l Tap) G im(TT#\ T * pP ). 

The fact that we get all elements in zm(7r*|r* p) this way is because the action of G on P 
is transitive. 

Q.E.D. 

We now have the following description of the symplectic leaves in P. 

Theorem 7.2 Fix any p G P. Assume that L p is a connected Lie group and that the vector 
fields 
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integrate to a right action of L p on G. Then the images of the L p orbits in G under the 
map 

o- p : G — > P : g\ — > gp 
give all the symplectic leaves in P. 

Proof. By definition, the symplectic leaves of P are the integral submanifolds of the 
distribution {im{Tt*\T*p)}p£P on P. By Lemma [Tjl], we know that this distribution is the 
image under a p of the distribution on G defined by the vector fields X x +^ ap ), (x,a p ) S Lp, 
on G. The integral submanifolds of the latter distribution are exactly all the L p -orbits on 
G. Thus these orbits project to P under a p to give all the symplectic leaves in P. 

Q.E.D. 



Remark 7.3 Note that when the double group D of G and G* have a global decomposition 
D = GG* , the right action of L p on G described in Theorem |7.2j is simply the restriction 
to L p of the right action of D on G = G*\D (see ( |i~6| ) in Section ||). 



We now turn to the G-invariant Poisson cohomology of P. Recall that the Poisson 
cohomology of P is by definition the Lie algebroid cohomology of the cotangent bundle Lie 
algebroid T*P with trivial coefficients. The corresponding coboundary operator on A'TP 
is also given by 

V — [tt, V] 

where [ , ] denotes the Schouten bracket [Ku|. If V is G-invariant, then so is [tt, V]. This 
is because 

L CT >, V] = [L ax , V] = [a s(x) , V] = 

for any i£j (see (|2~ll)). Hence, since G is connected, the space T(ATP) of G-invariant 
multi- vector fields on P is closed under the coboundary operator [w, •]. 

Definition 7.4 The cohomology of (r(ATP) G , [tt, •]) is called the G-invariant Poisson 
cohomology of P. We denote it by H n g(P). 



Assume now that P is a Poisson homogeneous G-space. We have seen in Example 4.9 
that the kernel of the anchor map —a — 7r* at each p £ P is a Lie algebra L of dimension 
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n = dimg. Let G p be the stabilizer Lie subgroup of G at p, and let g p be its Lie algebra. 
The group Gp cicts on l p via the action of G on A given by (f28|), and the corresponding 



action of g p is the adjoint action of g p on Lp via the Lie algebra embedding g p C lp. Denote 
by H'(l p , G p ) the relative Lie algebra cohomology of l p relative to G p . 

Theorem 7.5 

Hl G (P)^H'(lp,Gp) 

for every p € P. 

Proof. Denote by L the kernel of —a — ir, so L is a subbundle of A whose fiber at p £ P 
is the Lie algebra l p . By taking fiber- wise Lie bracket of sections of L, we can think of L as 
a Lie algebroid itself with the zero anchor map. As a such, it is a "totally intransitive" Lie 



algebroid [Mczl|. The inclusion of L into A makes it into a Lie subalgebroid of A. We know 



from Theorem |4.1| and Proposition [4.5| that L is a G-vector bundle and that the action of 
G on L preserves the Lie brackets on the fibers of L. 

Consider now the coboundary operator d L for the Lie algebroid cohomology of L with 
trivial coefficients (see (||)). Since L has the zero anchor map, the operator d L is C°°(P)- 
linear, i.e., d L is given by the field d ip ,p E P, of fiber-wise operators, where d lp is the 
coboundary operator for the cohomology of the Lie algebra [ p . 

For each p € P, set 

3° p = {/ G £ : f{x) = 0, Vx G Sp } C £. (53) 

Then the subspace (/\*Qp) Gp of G p -invariant vectors in A*g p is invariant under d ip . The 
relative Lie algebra cohomology of l p relative to G p is by definition the cohomology of the 
cochain complex ((A*0 p ) Gp , d [p ). 

Denote by l? a the subbundle of L* whose fiber at p is g p . It is a G-invariant subbundle 
of L*. By dimension counting, the map 

TP — > L* : Vp i — > f Vp : (x, a p ) i — ► (t; p , a p ) 

gives a bundle isomorphism from TP to L^. It is also a G-bundle morphism. Therefore we 
get a vector space isomorphism 

T{A k TP) G — » r(A fc L°) G C T(A fc L*), (54) 
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where both sides denote G- invariant sections in the corresponding vector bundles. Denote 
this map by 9. It remains to show that 

d L 0(V) = 6([n,V}) 

for any V € T(A k TP) G , for then 9 would give a cochain complex isomorphism from 
T(A k TP) G to {(/\°3p) Gp , d\ p ) for each p G P, and thus inducing an isomorphism between 
their cohomology spaces. 

Let V be a G-invariant A;-vector field on P. Then 

D- X V = 0, VxGC°°(P, ). 

Consequently, for any 1-forms cti,i = 1, k, on P, we have 

-<Tx(V, aiA...Aa fc ) = (V, As(ai A • • • A a k ). 

It follows then that for any = (xj, ccj) G T(L), i = 1, fe 

(W))(«iA-Ay = ^(-lr^'ow. {i u ij} Ah a .../;...[,... A / fc ) 

= {a j ,a i }AQiA---d r --a i ---Aa fc ) 

+ Z](- 1 )* +j ( y " ) (A* ay - Dxj-ai) A ai A ■ ■ ■ di ■ • • dj ■ ■ ■ A a fc ) 
= {a^jjAai A---dj---dj--- Aa fe ) 

i<j 

+ J2(-iy(V, Dxj («i A • • • dj • ■ • A Qfc)) 
j 

= {aj, aj} A ai A • • • dj ■ • • dj • ■ ■ A a^) 

+ E(-l) J ' + Vx,(V, ai A • • -aj ■ ■ ■ A a*)) 

3 

= {otuctj} A ai A • • • dj • • -dj • • • Aa k ) 

i<j 

+ ai A • • • a,- - A a fc )) 

j 

= [vr, y](ai A ■■■ Aa fc ) 
= 0([tt, V])(Zi A • • • A l k ). 
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Therefore 

d L 9{V) = 0([7T, V]). 

This finishes the proof of the theorem. 



Q.E.D. 



Example 7.6 We continue with Example |4.11| . Let G be a connected Poisson Lie group, 
and let H C G (denoted by G p in Example [4.11| ) be a connected closed subgroup of G with 
Lie algebra f) such that 

h 1 - = {££0*: 0, VxGf)}Cg* 

is a Lie subalgebra of g*. In this case, there is a unique Poisson structure on the quotient 
space G/H such that the projection from G to G/H is a Poisson map, and the left action 



of G on G/H by left translations is a Poisson action. We have seen in Example 4.11 that 
the Lie algebra l p corresponding to the point p = eH in G/H is the Lie subalgebra () + \)- L 
of = g [xi g*. By Theorem |7.5| , we know that the G-invariant Poisson cohomology of G/H 
is isomorphic to the relative Lie algebra cohomology of f) + f) -1 - relative to the Lie subalgebra 



f). We also observed in Example 4.11 that the Lie algebra f) + f) is an example of a double 
Lie algebra. We first prove the following fact on relative cohomology in the case of a double 
Lie algebra. 



Lemma 7.7 Let I be a Lie algebra and let \] and n be Lie subalgebras of I such that 

[ = f) n 

as vector spaces. For i g I) and (En, write 

[x, £] = — £ • x + x ■ £ 

where £ • x G f) and x ■ £ 6 ti. T/ie maps 

\) x n — ► n : (x, £) i — > x ■ £ (55) 
nxf) — > f) : (£, x) i — > £ • x (56) 
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define a pair of actions of ' f) and n on each other. Denote by (An*)'' the subspace of An* 0/ 
^-invariant vectors with respect to the action of\) on n* contragradient to the action of I) on 
n. Let 

d n : A k n* — » A fc+1 n* 

6e £/ie Chevalley-Eilenberg coboundary operator for the Lie algebra n. T/ien £/ie subspace 
(An*)'' o/An* is invariant under d n (even though the action oft) on n is not by Lie algebra 
derivations). The cohomology H'((An*)^, d n ) of the cochain subcomplex ((An*)'', d n ) is 
isomorphic to the relative Lie algebra cohomology of I relative to the Lie subalgebra (). 

Proof. By embedding n* into I* via 

n* 9 / 1 — > f{x + y) = f(y), x G i), yen 

we can identify n* with t) 1 C I* and (An*)'' with (M) 1 )^ C At*. Denote again by / an 
arbitrary element in (An*)'' and by / its image in (Af)^ C At*, i.e., 

f{x\ + yi, ■ ■ ■ ,x k + y k ) = f(yi, • • • ,yk)- 

We need to show that 



d[f = d n f, 

where d[ : wedge k l* — > a' +1 [* is the Chevalley-Eilenberg coboundary operator for [. Let 
li = Xi + yi £ t) + n with Xi £ t) and yi € n, i = 1, k + 1. Then 

(dt/)(/i,...,z fc+1 ) = £(-i) i+i /([k, ij], — u,-~,tj, — ,ih+i) 

i<j 

= ^l{-^) t+1 f {[yi, Vj] +Xi -yj -Xj •yi,---,yi,-',yj,'-,yk+i) 

i<j 

= dnJ(h,---,h+i) + ^(-lyffipsj ■ Oi A ••• Ayj A ••• Ay k +i)) 



= dnf(h,---Jk+i)- 
In the last step we use that fact that / is f)-invariant. 

Q.E.D. 

The following Theorem now follows from Lemma |7.7[ 
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Theorem 7.8 Let G be a connected Poisson Lie group, and let H C G be a connected 
closed subgroup of G with Lie algebra f) such that 

^ = {(69*: (£,£)= 0, VxG|}Cfl* 

is a Lie subalgebra of g* . Denote by (A(()" L )*)^ the subspace in A(t)" 1 ")* of f)- invariant vectors 
with respect to the adjoint action oft) on (f) -1 ")* — g/fj. Let 

d^x: A* Or 1 )* — » a*-^ 1 )* 

be the Chev alley- Eilenberg coboundary operator for the Lie algebra i)^. Then (A(f) -1 ")*)^ 
is invariant under d^±, and the the cohomology of ((A(f)- 1 ")*)^, d^±) is isomorphic to the 
G-invariant Poisson cohomology of the Poisson homogeneous space G/H. 



We now apply Theorem ^8 to the Bruhat Poisson structure on a generalized flag man- 
ifold [|Lu-We|1 . 

Let G be a connected finite dimensional semisimple complex Lie group and let G = KAN 
be an Iwasawa decomposition of G as a real semisimple Lie group. Then there are natural 
Poisson structures on K and on AN making them into Poisson Lie groups. Moreover, as 
Poisson Lie groups, they are dual to each other, and the group G is the double of K and AN. 
On the Lie algebra level, we have the Iwasawa decomposition g = i + a + n. The imaginary 
part of the (complex-valued) Killing form of g gives a nondegenerate pairing between t and 
a + n. In other words, the pair (t, a + n) form a Lie bialgebra and g is its double Lie algebra. 

Let T be the maximal torus in K, and let t be its Lie algebra. The subspace 

I 1 = {£ £ 6* : (£, x ) = 0, \/x G t} 

of 6* = a + n is clearly n which is an ideal in a + n. Thus there is a unique Poisson structure 
on K/T such that the projection from K to K/T is a Poisson map. Moreover, the left 
action of K on K/T is a Poisson action, so K/T is a Poisson homogeneous iT-space. 

Symplectic leaves in K/T for this Poisson structure are known to be exactly the Bruhat 
cells in K/T (thus the name Bruhat Poisson structure). This can be seen directly from 
Theorem f^, for in this case, the Lie group L p , for p = eT € K/T, is TN, and the right 



action of it on K described in Theorem 7.2 is just the restriction to TN of the right action 
of G on K = (AN)\G by right translations. The projection of these orbits from K to K/T 
are exactly the Bruhat cells in K/T. 
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Consider now the K-invariant Poisson cohomology space of the Bruhat Poisson structure 
with complex coefficients. By Theorem 7.8, we get the following 



Theorem 7.9 The (complex-valued) K -invariant Poisson cohomology H^^K/T) of the 
Bruhat Poisson structure on K/T is isomorphic to the space Endu(H (n)) , where \) is the 
complexification oft, and n here is considered as a complex Lie algebra. Thus the dimension 
of H% K (K/T) is if k is odd and is equal to the number of Weyl group element of length 
k/2 ifk is even. In particular, it is isomorphic to the (complex-valued) de Rham cohomology 
of K/T. 



Proof. From Theorem 7.5 we know that 



H^ K (K/T) ff((A(n + n_)*) i >, da) = End^(H(a)). 



By Kostant's theorem [Ktl], there is exactly one cohomology class for the Lie algebra n 
corresponding to each element in the Weyl group W of K. Choose root vectors {E a , E- a : 
a > 0}. For each w € W, set 

$ w := {/3>0: w~ 1 /3>0} = {ft, • • • , /3 fe }. 

Then the (complex) if-invariant 2/c-vector field 

E_ Pl A • • • A E_ Pk A E Pl A • • • A E Pk 

on K/T is a representative of a cohomology class of the i<C-invariant Poisson cohomology of 
the Bruhat Poisson structure on K/T. The fact that the space End^(H(n)) is isomorphic 
to the de Rahm cohomology of K/T is another theorem of Kostant's |Kt2j ], 

8 The Lie groupoid of A 



We first recall the definition of a Lie groupoid. Details can be found in [Mczl|. 
A groupoid over a set P is a set M, together with 

(1) surjections s,t : M — > P (called the source and target maps respectively); 

(2) n : M * M — ► M (called the multiplication), where 

M * M = {(m 2 , mi) G M x M : s(m 2 ) = t(mi)}; 
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each pair (m2,mi) in M * M is said to be "composable" ; 

(3) an injection e : P — > M (identities); 

(4) i : M — > M (inversion). 
These maps must satisfy 

(1) associative law: ju(ju(ra3, m2), m{) = n(ms, jti(m2, m\)) (if one side is defined, so is 
the other); 

(2) identities: for each m G M, (e(t(m)),m) G M * M, (m,e(s(m)) € M * M, and 
n(e(t(m)), m) = fi(m,e(s(m)) = m; 

(3) inverses: for each m € M, (m, t(m)) € M*M, (t(m),m) G M*M, and /x(m, i(m)) = 
e(t(m)) and fj,(t(m),m) = e(s(m)). 

A Lie groupoid (or differential groupoid) M over a manifold P is a groupoid with a 
differential structure such that (1) s and t are differentiable submersions (this implies that 
M * M is a submanifold of M x M), and (2) fi, e and t are differentiable maps. 

Given a Lie groupoid M over P, the normal bundle of P in M has a Lie algebroid 
structure over P whose sections can be identified with left invariant vector fields on M. It 
is called the Lie algebroid of M. 

A left action of a Lie groupoid (M, P, s, t) on a smooth submersion / : Q — > P is a map 

M* f Q = {(m,q) : s(m) = /(g)} — ► Q : (m, <?) i — ► mg 

such that 

(1) /(mg) = t(m) 

(2) m 2 (miq) = (m 2 mi)g 

(3) £(/(?))? = 9 

for all m,rai,m2 € M and q £ Q which are suitably compatible. 

Given such an action, one can construct the transformation groupoid on M */ Q with 
base Q by defining 

s'(m, q) = q, t'(m, q) = mq 
(m 2 , miq)(mi, q) = (m 2 m 1 , q). 

The map 

M *f Q -> M : (m, g) i — >m 
is a morphism of Lie groupoid over f : Q —> P. 
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A right action of a groupoid and the corresponding transformation groupoid are similarly 
defined. 

Example 8.1 A Lie group is a Lie groupoid over a one point space. A Lie group action 
G x P — > P is an example of a Lie groupoid action. The Lie algebroid of the corresponding 
transformation groupoid is the transformation Lie algebroid discussed in Section 



Example 8.2 Let P be a Poisson manifold. We have seen in Section || that the cotangent 
bundle T*P of P has a Lie algebroid structure. If there is a Lie groupoid (N,s N ,t N ) over 
P whose Lie algebroid is T*P and whose Sjv-fibers are simply-connected, we say that P is 
integrable as a Poisson manifold. It turns out that there is always a symplectic structure 



on N making it into a symplectic groupoid | C-D-W |. We call N the symplectic groupoid of 
P. 



Assume now that G is a Poisson Lie group, P is an integrable Poisson manifold with 
symplectic groupoid (N, P, s N ,t N ), and a : G x P ^ P is a, Poisson action. Denote by 
(M, s M , t M ) the transformation Lie groupoid over P defined by a. The purpose of this section 
is to describe a Lie groupoid whose Lie algebroid is the Lie algebroid A = (P x q) tx T*P 



given in Theorem 4.1. Not surprisingly, this groupoid will be built out of M and N and a 



pair of actions of M and N on each other. 

Recall that the map 

. t*P^ 5 *: {<t>(a p ), x) = (a p , a x (p)) 

is a Lie algebroid homomorphism. Assume that it can be integrated to a Lie groupoid 
homomorphism 

<p: N — ► G*, 



where G* is the dual Poisson Lie group of G (see |Xu| |). The map tp is aslo a Poisson map. As 
a such, it induces a left action of G on N [|Lu2(| which we will denote by (g, n) i — ► gn. The 
map ip and the action of G on N have the following properties: for any g 6 G, n, rti, ni € N, 

t N (gn) = gt N {n) 
s N (gn) = g^ n) s N {n) 
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£jv(#n) = ge N (n) 
g{n 2 n x ) = (gn 2 ){g^n 1 ) 
<p{e N {p)) = leG* 
tpfani) = (p{n 2 )(p{ni) 
<p(gn) = 9 ip(n). 

Here % and g u , for g G G and u G G*, denote respectively the left action of G on G* and 
the right action of G* on G defined by the decomposition 

gu = 9 u g u G D 

in the group D with Lie algebra (see Section^). 

We can now describe the pair of actions of the groupoids M and N on each other. 
The left action of M on t N : N — > P is given by 

M*t N N^N: {(g, t N (n)), n) .— ► 5 ra. (57) 

The right action of iV on M is given by 

M * Sm N = M Hn N: ((g, t N (n)), n) — » (g^, Sjv (n)). (58) 

For notational simplicity, we denote the manifold M *f N = M * Sm N by M * N and 
denote the two actions respectively by 

M *N — > N : (m, n) i — > m n 
M * N — > M : (m, n) i — > m n . 

This pair of actions are compatible in the following sense: 

(1) s N { m n) = t M (m n ), V{m,n)£M*N 

(2) m (e N (s M (m))) = e N (t M (m)), Vm G M 

(3) (e M (t N (n))) n = e M (s N (n)), Vn G JV 

(4) m (n 2 nx) = O^ni), V(m,n 2 ) G M * TV, (n 2 ,m) G N * N 

(5) {m 2 m x ) n = (m 2 ln )(m?), V(m 2 , m x ) G M * M. 
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According to [ Mcz2 |, two groupoids M and N over the same base P with a pair of 
actions of them on each other satisfying conditions (l)-(5) as above are called a pair of 
groupoids with an interaction or a "matched pair" of groupoids. Given such data, one can 
construct a third groupoid on the space N * M = {(n,m) : s N (n) = t M (m)} over P by 
defining 

s(n,m) = s M (m), t(n,m) = t N (n) 
(ni,m 1 )(n 2 ,m 2 ) = (ni ( mi n 2 ), (m™ 2 ) m 2 ). 

The natural maps 

M — > N * M : mi — > M), m) 

iV — > N*M : n i — ► (n, e M (sjv(n)) 

embed M and iV into iV * M as subgroupoids. 

Theorem 8.3 Xei a : G x P ^ P be a Poisson action of a Poisson Lie group G on an 
integrable Poisson manifold P. Let N be the symplectic groupoid of P. Let N*M be the Lie 
groupoid over P as described above. Then the Lie algebroid of N * M is the Lie algebroid 



A = (P x q) cxi T*P as given in Theorem 4-1 



We will skip the proof of this theorem. The main part of the proof consists of showing 
that the linearizations of the two actions of M and ./V on each other at their identity sections 
are exactly the Lie algebroid representations of P x g and T*P on each other which were 
used in the construction of the Lie algebroid A = (P x g) M T*P. 

Remark 8.4 For p£P, denote by (N * M) p the intersection of the s-fiber and the t-fiber 
in N * M over p. It can be identified with the space 

(N * M) p = {(n, g): n G N, g G G : t N (n) = p, s N (n) = gp}. 

We know from general groupoid theory that it has a group structure: 

("2, S2)Oi, gi) = (^(fl^ni), c/2 (ni) 9i), ( n 2, 52), (ni, g\) G (N * M) p . 

The Lie algebra of (N * M) p is the Lie algebra l p introduced in Section |||. 
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Remark 8.5 We remark that the space N * M is an example of what is called a vacant 
double groupoid in [Mcz2j. On the space N * M, there is also a groupoid structure over M 



and a groupoid structure over N, namely the transformation groupoids of the actions of M 
and iV on each other. These two groupoid structures are compatible, making N * M into 
a double groupoid. The groupoid structure on P we just described is called the diagonal 



groupoid of the double groupoid M * N. See [Mcz2| for more details. For a detailed 



treatment of "matched pairs" of Lie algebroids, see [Mk]. 
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